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Nomenclature
= curvature of the beam
= thickness of the beam
= out-of-plate coordinate
= normal strain in the longitudinal direction
= actuation strain

Introduction

IN recent years several models have been developed for the pre-
diction of the induced deformation produced by layered actuators

on a simple beam-like structure.1-3 In the present Note the pin-force
and the Euler-Bernoulli models are formulated in a general fashion,
and the relationship between them is discussed, especially for the
case of one side only actuation layer. For both models the static
response of the system is obtained for different geometrical, elastic,
and piezoelectric characteristics in the cases of one and two (top
and bottom surface bonded) actuation layers.

Pin-Force Model
The pin-force model of Crawley and de Luis1 assumes that the

deformation is transferred from the piezo to the substrate through
actuation forces concentrated at the ends of the actuator patch. The
actuator is modeled as a beam with only axial stiffness, whereas
the substructure is modeled as an Euler-Bernoulli beam, with axial
and bending stiffness. The governing equations are here derived by
means of the principle of virtual work in the virtual forces version;
the conditions of compatibility in correspondance of the pins are in
this case fullfilled.

If <5£ext is the virtual work of the external forces, 8£h is the internal
virtual work of the beam, BCa\ and 8£a2 are the internal virtual
works of the upper and lower actuation layers, respectively, then the
principle of virtual work can be written as follows:

The actuation strains Atf/- as well as the actuation forces Ffl/ are
decomposed in a symmetrical (extensional actuation A, F) and an
antisymmetrical (flexural actuation A, F) part (Fig. 1):

Aa\ = A + A Afl2 = A — A

Fai = F + F Fa2 = F - F

where Ffl/ = <rfl/ A«/.
The constitutive relations are as follows. For the beam structure

or* 2F Fth
€h = € ( } + kz = —— = + Z£/, (£A)/; (£/),,

and for the piezoelectric actuator

_ _ f«L - Ftf/

where / = 1, 2.
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By applying two virtual self-equilibrating force systems (8Fe is
the pure extensional virtual force system and 8 Ff is the pure flexural
virtual force system), two independent equations are obtained from
which it is possible to calculate the two actual actuation forces, in
absence of external loads,

int = / 8(T
Will + Va2 + Vh

5£int = / ^rr 6 dV = 5£ext = 0

Using the pure extensional virtual force-system 8Fe,

ai = I Scrfi €ai dVai
Jv<,i

\

h= I 8^ehdVh=l(28F
Jvb

= l(-8Fe)\A±A- —*—— ^ —f——
(EA)ai (EA)ai

the following equation is derived:

(4 + iAi + ^2) F + Wl = 2A (EA)h

where ̂  = (EA)h/(EA)ai.
Using the pure flexural virtual force-system 8F-f ,

« = I ««.'*.
J vai

(EA)ai (EA)ai

b = I 8^€hdVh=
Jvh

the second equation is thus obtained:

(^1 - W F + (12p + ^1 + = 2 A (EA)h

where p — Ahtf}/I21h. In this way the following system has to
be solved:

+ ̂  + 4 l/r, -

^i - ^2 ^i + ^2 + 12p I | F

The solution has the form

= 2(EA)h

2(EA)b Yip fa — i//i
r j i//-j -f- ̂  ~h 4

A

§ t A

where A = 4[(^i + V^2)(l + 3p) + V^i^2 + 12p].
From the expression of the actuation forces is possible to derive

the expressions of the normal strain and of the curvature

6() - 2F/(EA)b k - Ftb/(EI)b

For rectangular sections of unitary width

P —— 1 1/Sj = FyT)

where £/ = Eh/Eah and 7} = r/,/f f l /.

g^g^^ ĵ ^_

Configuration A

Fig. 1 Configuration A, two piezoelectric layers bonded on top and
bottom surfaces; and configuration B, one piezoelectric layer bonded
on one surface only.
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Three typical response problems, referred to two characteristic
configurations, are now examined. The first two response problems
have two symmetric actuator patches ̂  = ^2 = "ft- The first of
these is activated in phase Aa\ = Aa2 = A, A = 0

zrp =

The second is activated with opposite phase Af li = — Aa2 = A,

6
6 +

figurations discussed in the preceding section (one- and two-sided
actuators) are derived, with the assumption of rectangular sections.

With two symmetric actuator patches

2, ha\ = ha2

When activated in phase Afli = Aa2 = A, A = 0

When activated out of phase Aai = — Aa2 = A, A = 0

k =
6 + V" ^

The third response problem has a one-sided actuator patch (for ex-
ample, actuator 1, l/^2 = 0, and Aa2 = 0, Fa2 = 0) and we obtain

(A + A)

Afli

2(4 +

pfll = 2F =

(1)

•«i (2)

Euler-Bernoulli Model
The Euler-Bernoulli model assumes the plane section hypothesis

along the whole thickness, including the actuators that contribute to
the bending stiffness of the overall structure.

Constitutive Relations
Plate structure:

&b ~ Ejj € — Eb (£() + kz)

Piezoelectric layer:

<*ai = Eai(€ - Aai) = Eai(€Q + kz ~ Aai)

Equilibrium Equations
To obtain the governing equations of the problem, the principle

of the virtual work, in the virtual displacement version, is used. In
absence of external applied loads the virtual internal load <$£int is
equal to zero:

/

r' rf+f«
v8edV = a

.'al + Va2 + Vb J()J-^-t(l

86 dz dx = 0

Following the classical techniques it is easy to obtain the following
set of linear algebraic equations:

an an
an <*22

€o Aai + (EA)a2Aa2

aihaiAai - (EA)a2ha2Aa2

where

an = (EA)aihai - (EA)a2ha2

a22 = (EI)b + ( E I ) a l + (EI)a2 + (EA)alh2
al + (EA)a2h2

a2

By inverting the system, is possible to write the expressions for
) and k. As particular cases the solutions for the two typical con-

where T = tb/ta.
With one-sided actuator patch (actuator 1)

ta2 = 0, Aa2 = 0

1

2
tb

 al

1 +

k =

(3)

(4)

Discussion
In the preceding expressions is easy to recognize some terms

that for high values of the parameter T (for aluminum-PZT sys-
tems, T > 8) become negligible, and the expression containing
the remaining terms is the one obtained in the pin-force model,
where the actuators have only axial but not bending stiffness. In
fact, for high values of_ T (the beam is thicker than the piezo)
and/or of ^i = ET [E = Eb/Ea, for a given T, the beam is
stiffer than the piezo (Eh > Ea)], in the Euler-Bernoulli model
the contribution of the actuators bending stiffness to the global
stiffness of the system is negligible. This way the difference be-
tween the solutions of the two models vanishes as T and/or T/'I
increase.

The solution obtained for one-sided actuator shows how the sys-
tem is excited by a combined bending-compressive actuation, that is,
the actuator induces a combined flexural-extensional deformation.
In Fig. 2 the normalized curvature predicted by the pin-force model
here developed, Eq. (2), is plotted as a function of the thickness ratio
T for E = 5, 1, and 0.2 and compared with Euler-Bernoulli results,
Eq. (4). By comparing the diagrams obtained at a fixed value of the
E ratio, it can be seen that it is possible to establish a value of T
above which the predictions obtained with the Euler-Bernoulli and
the pin-force model are practically the same. From Fig. 2 it can also
be noted that this value is not fixed but depends on the ratio E; the
higher is Young's modulus of the material of the beam with respect
to Young's modulus of the actuator, the lower is T.

In Fig. 3 the diagrams of the normalized longitudinal strain pre-
dicted by Eqs. (1) and (3) are plotted. From Eqs. (1) and (2) it
is possible to obtain the value of the deformation at the actuator-
substructure interface,

It is possible to introduce a parameter a, as done in Crawley and
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Fig. 2 Normalized curvature for an actuator patch on one side only, E = Ejj/Ea.
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Fig. 3 Normalized longitudinal strain for an actuator patch on one side only, E = Eb/Ea.
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de Luis,1 to write a simple expression of the axial strain at the
interface, valid for high values of 7,

z = th/2 =

In the case of symmetric actuator patches, a = 2 for pure extension
and a = 6 for pure bending; for an actuator on one side only a = 4,
as shown before. In the present formulation the fully extensional-
bending coupling was accounted for; in fact, the axial deformation
is always present in the case of one-sided actuator.
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Nomenclature
h = equivalent high-order modal matrix

= real symmetric stiffness matrix
= derivative of stiffness matrix with respect to PJ
= second-order derivative of stiffness matrix
= real symmetric mass matrix
= derivative of mass matrix with respect to PJ
— second-order derivative of mass matrix
= derivative matrix of eigenvector of repeated root with

respect to design parameter PJ
= complete eigenvalue diagonal matrix
= repeated eigenvalue diagonal matrix
= derivative diagonal matrix of repeated eigenvalue with

respect to PJ
= diagonal matrix of second-order derivative of repeated

eigenvalue
= repeated eigenvalue
= complete eigenvector matrix

= high-order eigenpair matrix
: lower order eigenpair matrix
= equivalent complete modal matrix
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(p = eigenvector (column vector)
4>, Z = eigenvector matrix of repeated eigenvalue

I. Introduction

E IGENVECTOR derivatives are important for structural dy-
namics, optimal analysis, and control system design. Recently,

eigenvector derivative data have become necessary for use in struc-
tural model modification,1"4 system parameter identification,5"6

and failure diagnosis.7 In addition, the calculation of eigenvec-
tor derivatives has an important role in sensitivity analysis. At
present, we have several procedures8"19 for computing eigenvector
derivatives. The governing equation of the eigenvector derivative is
defined as

(K - X.iM)<pitj = (A./M; + A. / f;M - Ktj)<pi = g, (1)

The coefficient matrix (K —A/ M) is degenerate for m repeated eigen-
values and has rank n—m. In Refs. 8 and 9, the authors solved Eq. (1)
by adding one or m independent equations to Eq. (1) through the re-
lation of mass orthogonality. In Refs. 10-15 the authors introduced
a procedure to divide the solution technique into two steps: first
solve the particular solution by exerting one or m given restrictions
on Eq. (1), then find the constants existing in the general solution
through the relation of mass orthogonality. In Ref. 15 the author
pointed out that the procedure for solving the particular solution in
Refs. 11-13 may fail under certain circumstances. Employing the
more rigorous method in Ref. 14, this failure can be avoided. In
Refs. 16 and 17 the particular solution is yielded by using the ma-
trix disturbance method. In comparison with Nelson method10 and
extended Nelson methods,11"14 the direct perturbed (DP) method
described in Refs. 16 and 17 has the advantages of numerical sim-
plicity and efficiency for solving the particular solution and possibly
makes the particular solution approach the general solution directly.

The modal method used in Ref. 8 avoided directly solving Eq. (1).
The modal method presented in Ref. 8 was based on the incomplete
modal space tpk(k = 1, 2 , . . . , i < n). The eigenvector derivative
is expressed as

(2)

where i is the number of lower order modes, and n is the total number
of degrees of freedom of the analytic model. The precision of the
eigenvector derivatives using the incomplete modes (pk is poor. To
reduce the modal truncation error, the author of Ref. 18 proposed an
approach to add a static solution to the incomplete modes to improve
the solution,

= (3)

where <pfl can be obtained from Eq. (1) with A,/ equal to zero as
shown in Eq. (4),

= g, (4)

when K is singular, we utilize the "dynamic solution" method for
<PJJ as proposed in Refs. 16 and 17 and shown as

[K — (1 + s)kjM]<pjj = gj (5)

in which £ is a small perturbation parameter. The application of
the incomplete modal expansion method with static correction de-
scribed by Eqs. (3) and (4) to the calculation of eigenvector deriva-
tives with repeated eigenvalues is presented in the Appendix. The
development of the incomplete modal expansion methods was de-
scribed in Ref. 19.

This paper presents a complete modal space (CMS) method that
is an exact modal expansion method. There is no modal truncation
error existing in the derivation. Also, there is no additional effort
required to find (pf] as shown in Eq. (3). Moreover, CMS can be
used in the case of repeated eigenvalues. As already mentioned, this
method gives better results compared to those obtained from Ref. 8
and Eq. (3).


